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Abstract 

We study the lattices of algebraic and transcendental cycles of cubic fourfolds. 

1 Introduction 
1.1 Motivation. 

Our objective is to understand which lattices occur as sublattices of algebraic and transcen- 
dental cycles of cubic fourfolds. The analogous problem for K?> surfaces has been solved as 
an application of Nikulin's results [8] and the nice properties (surjectivity) of the period map 
for K?, surfaces p. Its statement and solution can be found, for example, in [7]. 

Such results may be applied to the study of automorphism groups of these varieties. 
Namely, we know from the Torelli theorem for K?) surfaces [1] that the automorphism group 
of a K?) surface is isomorphic to the group of effective Hodge isometries of its middle integral 
cohomology lattice. As for cubic fourfolds, Torelli theorem due to Voisin [9] says that every 
Hodge isometry of the middle integral cohomology lattice of a cubic fourfold X, preserving 
the square of the hyperplane section class, comes from an automorphism of X. 

The question about automorphism groups of cubic fourfolds will be studied in our future 
work. 



Another possible application is related to the rationality question for cubic fourfolds. So 
far no example of a non-rational cubic fourfold was found. New examples of rational cubic 
fourfolds would be of interest too. The relevance of the study of intersection lattices of cubic 
fourfolds to such problems follows from results of several people, in particular, from the work 
by Hassett [1], [3]. We hope that our study will facilitate further advance in this direction. 



1.2 Main results. 

For a cubic fourfold X, we will denote by A{X) the lattice generated by algebraic cycles 
(i.e. A{X) = H\X,Z)nH^'^{X)), by T{X) its lattice of transcendental cycles (i.e. T{X) = 
(A(X))^4.^ g-,) and by Ao{X) the lattice of primitive algebraic cycles (i.e. the orthogonal 
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complement in A{X) to the class of a hyperplane section). These lattices are primitive 
sublattices of the middle integral cohomology lattice 



H\X,Z) = L:= (l)®2i©(_l) 



and its primitive piece H'^{X, Z)o which is isomorphic to 



2 1 
1 2 



Given a lattice S with quadratic form Q, we will call x G S* a root, if Q{x,x) = 2. We will 
call y E S a long root, if Q{y, y) = Q and Qd/, S) C 3Z. 

For the other notation and terminology we refer the reader to Sect. 2. 

The rest of this section contains the main results of the paper. In all the statements 
a positive integer p coincides with the rank of the lattice A{X) of algebraic cycles on the 
corresponding cubic fourfold X. In particular, when p{X) = 1, A{X) = Z/i^ (a rank 1 lattice 
with matrix < 3 >), Ao{X) = and T(X) = H^{X, Z)o = Lq. 

Corollary 5.1 Let 2 < p < 11, and Aq be an even lattice of signature {p — 1,0) that 
does not contain roots. Then there is a cubic fourfold X and an isomorphism of lattices 



Corollary 5.2 Let 13 < p < 21, and T be an even lattice of signature (21 — p, 2). Then 
there is a primitive embedding of T into Lq. Suppose one can choose it in such a way that 
the orthogonal complement of T in Lq contains neither roots, nor long roots of Lq. Then 
there is a cubic fourfold X and an isomorphism of lattices T{X) = T. 

For a finite abelian group B we define 1{B) to be the minimal number of generators of B 
and Bp to be its p-component (in the decomposition of B into a direct sum of finite abelian 
p-groups B = ^pBp). In the next corollary we use notation from the classification of p-adic 
lattices |8], which is recalled in section 2.3 below. In particular, we use invariants Vp G {0, 1} 



Corollary 5.3 Let S be an even lattice without roots, sign{S) < sign{LQ). Let q: As — > 
Q/2Z be the corresponding discriminant form. Then there exists a cubic fourfold X and an 
isomorphism of lattices S = Aq{X), if and only if one of the following conditions holds: 



Aq{X) = Aq. 



and Op G z;/(z;)2. 



Al l{As)=l{{Ash)<2Q-rk{S) 

A2 l{As) = l{{As)^) = 21 - rk{S) and (^ i-^Y'^'He^Y^ ^^ ^ ^ 



A3 22 — rk{S) = l{As) > [{{As)^) and the following conditions hold: 



• If for a prime p^2,?>, l{As) = l{{As)p), then (^M):!i^±m 
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. Ifl{As) = l{{As)s) + 1, then ((zlT^lffiiM!!) ^ i. 

• If I (As) = l{{As)2) and q2 ^ (2) © gg? then V2 = I (in this case also rk{S) > 
KAs)). 

B There exists an element h G As of order 3 such that qs{h) = | G Q/2Z and does not 
exist 5 & S with the property that Qs{S, S) = 6 and a{5) e 3Z for any a & S* such that 
Qs* (c, h) e Z, and one of the following conditions holds: 

Bl l{As) = l{{Ash)< 22 -rk{S) 

B2 l{As) = l{{As)3) = 23 — rk{S) and the following conditions hold: 

. If for a prime p ^ 2, 3, l{As) = 1 + l{{As)p), then (^MT^l^iHM!!!^ ^ 1. 
. IfHAs) = KiAsh), then {^.zlT^lpMl^ ^ 1. 

• If I {As) = 1 + l{{As)2) and q2 ^ q^ (2) © q2, then V2 = I (in this case also 
rk{S) > liAs)). 

B3 22 — rk{S) = l{As) > l{{As)3) and the following conditions hold: 

• If for a prime p^2,3, l{As) = l{{As)p), then (^L^I^lf^m^^ ^ 1. 

• // l(As) = l{{As)2) and q2 7^ (1^\2) © q'2, then V2 — 1 (in this case also 
rk{S) > l{As)). 

Theorem 6.1 Let A be an odd lattice of signature sign{A) = (p, 0), where 2 < p < 21. 
Then A = A{X) for some cubic fourfold X if and only if there exists a & A, such that if we 
denote Aq = (Za);^, then the following conditions are satisfied: 

1. QA(a, a) = 3. 

2. Aq is an even lattice. 

3. There is no Sq e such that Qa{Sq, Sq) = 2. 

4. There is no 5 & Aq such that Qa{S, S) — 6 and for any a & A* with a{a) — we have 
a{S) e 3Z. 

5. For any b & A the integer b)^ — QAib, b) is even. 

6. There exists an even lattice K of signature sign{K) = sign{L) — sign{A) = (21 — p, 2), 
such that Aa = Ak and q^: Aa = A* /A Q/2Z, a ^ [(^(a))^ - Qa* («, a)] + 2Z. 

Theorem 5.4 Let 2 < p < 21, T be an even lattice with signature sign{T) = (21 — p, 2) 
and discriminant- form qr- At — )■ Q/2Z. Then there exists a cubic fourfold X and an 
isomorphism of lattices T{X) = T, if and only if one of the following conditions holds: 
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A There exists t G At an element of order 3 such that qxiT) = | + 2Z G Q/2Z, and if 
we denote G = (t)^^ C At, then there exists an even lattice K of signature (p — 1, 0) 
such that Ax = G G At, Qk = —QtIc ^'^^ ^ roots. 

B There exists a primitive embedding of lattices [/^^^^ ^ T(— l)©Lo such that the orthog- 
onal complement K of its image has no roots, and for any A G (T(— l)©Lo*)\(T(— 1)© 
Lo) such that A{U^^-p) = 0, A(3A) = |QT(-i)ffiLo(3A, 3A) ^ 2. 

1.3 Acknowledgements. 

Our work uses essentially the results of Nikulin |H], Laza [S] and Looijenga [B]. We also 
benefited greatly from reading the paper by Hassett [3j. We understood a possible general 
approach to this problem after reading the paper by Morrison [7J, where the solution of the 
analogous problem for K3 surfaces may be found. We also appreciate the help and advice 
we have been obtaining during the course of our PhD study from our advisor Yuri Zarhin 
and the support from the Mathematical department of the Pennsylvania State University. 
In addition, we thank Yuri Zarhin for assigning this problem to us. 

2 Notation. 

Throughout the paper all varieties are complex and smooth. 
2.1 General notation. 

Let Eg and U be even unimodular lattices of signatures (8, 0) and (1, 1) respectively. 
We will also use the following lattices: 

Let Q denote the bilinear form of L and Lq. 

It is known that the middle integral cohomology lattice and the primitive middle coho- 
mology lattice of a cubic fourfold X are isomorphic to L and Lq respectively [1]: 

H^{X, Z)^L and H^{X, Z)o = Lq 

For a cubic fourfold X we denote by Aq{X) the orthogonal complement to the self- intersection 
of the hyperplane section class in its saturated lattice of algebraic cycles: 

Ao{X) = H\X,Z)onH''\X) 
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and by T{X) the transcendental lattice of X, i.e. the orthogonal complement of Aq{X) in 
H\X,Z)o: 

T{X) ^ Ao{X)^ 

Let's choose and fix an element h? & L oi self-intersection Q{h'^,h'^) = 3, and a primitive 
embedding Lq L, identifying Lq with the orthogonal complement of h"^. 

Remark. It follows form the theory of discriminant-forms [S] (namely, from the odd 
analog of Theorem 1.14.4 and the discussion in section 16) that the primitive embedding 
Lq L is unique upto an isomorphism, and the orthogonal complement of Lq in L is always 
generated by an element E L with self-intersection 3. 

Symbol p denotes an integer with 1 < p < 21. It will denote the rank of the (satu- 
rated) sublattice of algebraic cycles of a cubic fourfold X: H'^{X,Z) fl if^'^(X). The range 
1 < p < 21 is explained and justified by the result of Zarhin [TT], which says that for any 
such p there exists a cubic fourfold X, such that rk{H^{X, Z) fl H^''^{X)) = p. 



2.2 Period domain and period map. 

Following [4j, we recall the definition of the period domain and the period map for cubic 
fourfolds. 

Let C be the coarse moduli space of cubic fourfolds and V be the local period domain, 
i.e. one of the two connected components of the analytic open subset of the quadric 

{xe¥{Lo ®^ C)\Q{x,x) = 0,Q(x,x) < 0} 

Then the global period domain for cubic fourfolds is denoted by V and is defined as P = 
T^\D' , where F"*" is the group of automorphisms of lattice L, preserving h? and the chosen 
connected component of the quadric above. 

Theorem [Voisin, Hassett] The period map for cubic fourfolds r : C — > D is an open 
embedding of quasiprojective varieties of dimension 20. 



2.3 Lattice theoretic notation. 

We will use the same lattice theoretic notation as in [8] and [7]. 

In particular, for a finite group G, we denote by 1{G) the minimal possible number 
of its generators, and for an even lattice S its discriminant form qs: As — ?■ Q/2Z, where 
As = S*/S. Notice that l{As) < rk{S). If As = ®p ®k>i (Z//Z)'=^(p), then l{As) = 
maXp{J2k>iCk{p)}- 
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For the reader's convenience let us recall the construction of the finite symmetric non- 
degenerate bilinear form 65: As ® As Q/Z, and the discriminant-form g^: As — Q/2Z, 
associated to a lattice S (in the definition of qs we assume that S is even). For details, see |8j. 

The bilinear form Qs'- S ® S ^ Tj on the lattice S extends (uniquely) to a bilinear 
form Qs*'- S* ® S* — t- Q on the free abelian group S*- (Note that there exists a canonical 
embedding of abelian groups S 5**.) Then we define: 

bs - iS*/S) iS*/S) ^ Q/Z, (x, y) ^ Qs* (x, y)+Z 

and (if S is even) 

qs'- iS*/S)^Q/2Z, Qs*ix,x) + 2Z- 

For a lattice S we call a; G S* a rooi, if Qs{x, x) = 2, and a /ong' rooi, if Qs{x, x) = 6 and 
Qs{x, y) G 3Z for all y E S- 

A sublattice S" C is called saturated, if S" = fl {S®zQ) C N^zQ- For any sublattice 
S C N there exists a minimal saturated sublattice S"^ of N, containing S- Sublattice C N 
is called the saturation of S in A^. 



In our classification we use local invariants of even lattices. Let us recall classification of 
even p-adic lattices following |8]. 

Let K^q\p^) denote the rank 1 p-adic lattice with matrix < 6p^ >, where A; > and 
e G Z;/(Z;)2. Let U^'^\2'') and ¥^"^^2^) {k > 0) be rank 2 2-adic lattices with matrices 

(0 2^\ Z' 2^~^^ 2^ \ 

^ Q j and [ ^fc 2*^+0 ^^^P^^^^^^^y- Then we will denote by qj {p'^), (2^) and 



,(2), 



2^^) their discriminant-forms. 



Theorem. ([8], Theorem 1.9.1) Let Ap be a finite abelian p- group andqp\ Ap — > Qp/2Zp a 
finite non- degenerate quadratic form. Then there exists a unique even p-adic lattice K{qp) of 
rank 1{A^, whose discriminant- form is isomorphic to qp, unless p = 2 and q2 = q^ (2) © gg- 
In the latter case, there are exactly two even 2-adic lattices Ka^{q2) and Ka2{q2), whose 
discriminant- forms are isomorphic to q2- 

Theorem. ([8j, Corollary 1.9.3) Let Kp be an even p-adic lattice with discriminant- form 
qp. Then Kp can be uniquely represented in the following form: 

(a) Ifp ^ 2, then Kp = K^f\iyp-^p © /sT^^^l)^'' © K{qp), where (^^) = -1, < i;^ < 1, 
t > V 

(b) Ifp = 2, q2 qf\2)®q2, then K2 = U^^^lf^-"^ ®V^^\iy^ ®K{q2) , where Q < V2 < I, 

t2> V2- 

(c) Ifp = 2,q2 = qf\2) © q^, then K2 = U^^\iy^ © K{q2), where > 0. 
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Invariants 6^ G Z*/(Z*)^ and Vp G {0,1} of the p-adic lattice Sp obtained by localiza- 
tion of an even lattice S will be essential for our classification. Given an even lattice 5", 
consider the corresponding finite abelian group A = As = S*/S and the discriminant-form 
q = qs'. A ^ Q/2Z. li A = Q)pAp, q = ®pqp is the decomposition into a direct sum 
of p-groups, then the p-adic lattice corresponding to S is the lattice Sp = S®iLp with 
discriminant-form qp-. Ap ^ Qp/2Zp. 

Remark 2.1 Let 5* be an even lattice with discriminant-form q: A ^ Q/2Z, where 
A = As = S*/S. Then by the Theorem above (Corollary 1.9.3 of [8j) for any odd prime 
p we have discr{S) = discr{Sp) = ^ " discr{K{qp)), and so ^'^^{^(1-^}) = (-1)^'=(^) ■ ^/^ 
(Notice that discr{S) = (-1)*-- \ A \ and tp = rk{S) - liAp).) 

Ifg2 ^ (2)©g;,thent2 = {rk{S)-l{A2))/2 and discr{S) = discr{S2) = (-1)^^^^^¥^. 
3"^ ■ discr{K{q2)), and so ^^J^j^^^^)) = (-1)*^ • (-l)('^^(^)-'(^2))/2 . 3«2_ Let us note that when 
V2 = 1, we should have /(A2) < rk{S). 



3 Existence of cubic fourfolds for a given primitively 
embedded lattice. 

We will use the following result of Laza and Looijenga, which we state in the form of Theo- 
rem 1.1 of paper [5]. 

Theorem 3.1 [Laza, Looijenga] For a primitive sublattice M "-^ L of rank 2, con- 
taining , and such that detM = 2 or detM = 6, consider the hyperplane Dm C Lq ®i C, 
defined as 

Dm = {xe P(Lo ®z C)\Q{x,M) = 0} 

Then the point p eV does not lie in the image of the period map t if and only if there exists 
M as above such that p E Dm- 

Now we can state our existence result. 

Corollary 3.2 (Compare with Proposition 2.15 in ^) Let 2 < p < 20. Let Aq C Lq be 

a primitive sublattice of signature (p — 1, 0). 

Then the existence of a cubic fourfold X and an isomorphism of lattices if^(X, Z) = L, 
identifying the self-intersection of the hyperplane section class with , and Aq{X) with Aq, 
is equivalent to the condition that Aq contains neither roots, nor long roots of Lq . 

The proof (whose general scheme follows the one of [7], Corollary 1.9, for K2) surfaces) 
consists of the following observations. 

Lemma 3.3 The following statements are equivalent: 
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(a) Aq contains a root or a long root of Lq. 

(h) There exists tuq G Aq such that Zmo C Aq is saturated and either det((Zmo + Z/i^)^) = 
2, or det{{ZmQ + Zh'^Y) = 6. 

(c) There exists a primitive sublattice M G L as in Theorem 3.1 above, such that {Aq ®i 
C)^ C Dm in Lq ®z C. 

Proof. The inclusion in (c) is equivalent to Dj^ C {{Aq ®z C) -'-)-'- = ®z C in Lq ®i C. 

Since Dj^ = {M ®z C) n {Lq ®i C) = (M n Lq) ®z C = (Z/i^)^ (g)z C in L ®z C, we 
conclude that (b) is equivalent to the existence of the primitive sublattice M C L as above, 
such that {1>h^)M ^o- 

Consider a lattice Mi of the form Mi = (Zmo + Z/i^)^ C L, where tuq e Aq. Then Mi 
is a primitive sublattice of L of rank 2, containing h^, such that (Z/i^)]|^^ C ^o- Any lattice 
with these properties has such a form for some tuq G Aq. 

Hence condition (c) is equivalent to the existence of trq G Aq such that det{{'LmQ + 
Zh'^)^) — 2 or det{{ZmQ + Z/i^)^) = 6. Without loss of generahty, we may assume that 
Zmo C L is saturated. This proves equivalence of (b) and (c). 



Recall the formula 







det {Ml) 


Ml 




det{Li) 



(0) 



where Li is a lattice and Mi C Li is a sublattice of rank rkMi = rkLi. 
We get 



3g(mo, mo) = det{ZmQ + Ih^) = det{{Zmo + Zh^)^) 
Claim 1 For any { G (Zmo + Z/i^)^, 3^ G Zmo + Z/i^. 



(Zmo + '^h 



2\A 



Zmo + Z/i^ 



(1) 



Proof of Claim 1: Indeed, let ^ = pmo + qh^, where p, G Q. Then 3g = (5(^, h^) G Z. 
Hence 3pmo = 3.^ — 3g/?.^ G L, and so 3p G Z, because Zmo C L is saturated. Hence 
3^ = (3p)mo + {2>q)h^ G Zmo + Zh'^ . Claim 1 is proven. 



Claim 2 Unless Zmo + '^h is already saturated in L, 



Z/3Z. 



Proof of Claim 2: Indeed, since Z/i^ C (Zmo + Z/i^)^ is a primitive sublattice, we can 
complete h'^ to a Z-basis T} of a Z-module (Zmo+Z/i^)^^ j.e. (Zmo + Z/i^)^ = ZT+Zh'^. 



Let d = det ((Zmo + Z/i 



- det I ^^^^ 3 



-3g(T,T)-(g(T,/i2))2 



(2) 
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Let mo = aT + hh?, where a and h are integers. 
Then = g(mo, /i^) = 36 + a • Q{T, K^). 

So, g(r, /i^) = -f , and g(r, t) = f + f . 

g(mo, mo) = a2g(r, T) + 2a6g(r, + 3fe2 ^ ^2 . (I ^ ^) ^ 2a6(-f ) + 36^ = 
Hence from formula (1) we get a = ± 



Now T = imo - ^h? e L. 

By the Claim 1, 3T = f mo - f /i^ G Zmo + Z/i^. Hence a = ±1 or a = ±3. 

So, we conclude that either Zmo + Z/i^ is already satuarted in L, or ^'^^^^^J = Z/3Z. 

Claim 2 is proven. 

It follows from Claim 2 and equality (1) above that either 

det(Zmo + Z/i^) 
g(mo,mo) = ^ (3) 

and Zmo + is saturated in L, or 

g(mo, mo) = 3 • det((Zmo + Z/i^)^) (4) 

^^glS^ ^ Z/3Z. 
Claim 3 If det{{Zmo + Zh?)^) = 6, then Zmo + '^h? is saturated in L. 



Proof of Claim 3: We argue by contradiction. Suppose Zmo + is not saturated in L. 
Then by Claim 2 ^^^^^■^J — Z/3Z, and we are in Case (4), i.e. g(mo,mo) = 18. 

Then there is an element T e L of the form T = |mo — |^^- If 3|6, then ^mo G L, which 
contradicts to the assumption that Zmo C L is saturated. Otherwise, an clement of the form 
r = |(mo ± h'^) lies in L. Hence Q{T',T') = i(g(mo,mo) + Q{h?,h?)) = f should be an 
integer. This is a contradiction. 

Claim 3 is proven. 

Claim 4 If mo e ^o is a long root of Lo, then Zmo + is not saturated in L. 
Proof of Claim 4-' We argue by contradiction. Suppose Zmo + is saturated in L. 
Since mo G is a long root, moZ C L is saturated. 
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Let y e L be a generator of the group g^_(-g;^2)± — Z/3Z. Consider an element a. e 

Homz{L, |Z), defined as a{x) — | • Q{amQ + hh?, x) for some pair of integer numbers a e Z, 
& e Z such that at least one of them is not divisible by 3. 

Then a G L* = ifomz(^,Z) C Homi{L, |Z) if and only if aiy) e Z, i.e. a and 6 satisfy 
relation 

a ■ Q{mo, y) + b- Q{h^, y) = 0{mod3) 

Such a e Z and 6 e Z always exist, and so the corresponding a e Homz{L, |Z) in 
fact lies in L* = Homz{L,Z). Since L is unimodular, L = L*, and so | • (amo + bh^) £ 
(Zmo + Z/i^)^\(Zmo + Z/i^). This contradicts to our assumption. 

Claim 4 is proven. 

Now let us prove that (b) implies (a). 

Let det{{Zmo + Z/i^)^) ^ 2. 

Then ^am'o+zS^ - and Q(mo,mo) = 6 by formulas (3) and (4). 

Also, in this case there exists T = ^rrio — G L, and so Vy G Lq Q{mo,y) — 
Q{3T + bh'^, y) = 3Q{T, y) G 3Z. This means that mo G ^0 is a long root of Lq. 

Let det{{'Emo + Z/i^)^) = 6. By Claim 3, in this case Zmo + Z/i^ is saturated in L in this 
case. Hence Q{mo,mo) = 2 by formula (3), i.e. mo & Aq is a root. 

This proves that (b) implies (a). 

Now let's prove that (a) implies (b). 

Let mo G be a root, i.e. Q(mo,mo) = 2. Then Zmo C L is saturated, and by (3) 
and (4) Zmo + Z/i^ C L is saturated as well, and det{{Zmo + Z/i^)^) = 6. So, statement (b) 
holds in this case. 

Let mo G ^0 be a long root of Lq. In particular, Q(mo, mo) = 6. 

By Claim 4, Zmo + is not saturated in L. Hence by formula (4), we get det{{'LmQ + 
Zh"^)^) = 2. So, statement (b) holds in this case too. 

Consequently, statement (a) imphes statement (b). QED 

Lemma 3.4 Let W = M^^"'' © be an ^.-vector space with quadratic form Q{z,w) = 
zf + ... + Z2i_p — w\ — W2- Let Ai G W be a discrete (hence closed and free) subgroup of rank 
21 — p + 2 (so that it forms a complete lattice). Let P C W<S>m.C be a union of a countable 
number of hyperplanes. 
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Then there exists an W-vector subspace E C W, such that sign{Q\-£) — {21— p, 0), EflAi = 0. 
Moreover, one can choose S in such a way that there exists fo &W <S>-r C such that /o 7^ 0, 
g(/o, E) = 0,fo^ P, Qifo: /o) = and Q{U, U) < 0. 

Proof: Note that the condition Q{fo, /o) < follows automatically from the others. Con- 
dition /o 7^ is also vacuous. 

Take S' = M^i-p ]r2i-p 9 r2 ^ Now take E to be a small generic perturbation of 
E'. QED 

In the next lemma and its proof we will use the notation of Corollary 3.2. 

Lemma 3.5 There exists an W-vector subspace d Lq ®i R, such that sign{Q\Y) = 
(20,0), E n Lo = Aq, and there exists /o G Lq ®z C such that /o 7^ 0, /o G imir) and 
Q(/o,E) = 0. 

Proof: Let W = {Aq (g)z R)^ C Lq (g)z K. Then si^n(Q|w.) = (21 - p, 2). 

Let Ai = n Lo and P <Z W ®^ C be the intersection of W ®k C with the union of 
hyperplanes Dm from Theorem 3.1. This is well defined provided contains neither roots, 
nor long roots of Lq by Lemma 3.3. 

By Lemma 3.4, there exists an R-vector subspace E' C W ^ such that sign{Q\Y,i) = 
(21 - p, 0), E' n Ai = 0, and there exists /o G ®r C C Lq ®z C, such that /o ^ 0, 
g(/o, E') = 0, /o ^ P, g(/o, /o) = and Q(/0, /o) < 0. 

Now it is enough to take E = <H)z + C Lq (g)z K- (^L^L* 

Proof of Corollary 3.2: 

Choose E C Lo (8)z R as in Lemma 3.5. Then there exists a cubic fourfold X and an 
isomorphism of lattices iJ^(X, Z) = L, which identifies the square of the hyperplane section 
class with h"^, and H^'^{X) with C/o C Lo 0z C. 

We then get the following identifications: 
. H^^\X)^Cf, 

• H^'\X) = C/o 

• H''^\X) = E®mC 

In particular, Ao{X) = //^(X, Z)o n H^^\X) = (EO^C) n Lo = E n Lq = Aq. QED 

CoroIIciry 3.6 Let T d Lq be a primitive sublattice of signature (21 — p, 2). Then the 
existence of a cubic fourfold X and an isomorphism of lattices H'^iX, Z) = L, identifying 
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the self-intersection of the hyperplane section class with h^, and T{X) with T , is equivalent 
to the condition that the orthogonal complement Aq = T^^ ofT in Lq contains neither roots, 
nor long roots of Lq . 

Proof: This follows from Corollary 3.2 by taking orthogonal complements. QED 



4 Existence of primitive embeddings. 

Let 2 < p < 21. We are going to study even lattices of signature (p — 1, 0), which admit a 
primitive embedding into Lq. 

For the purpose of reference, let us state some simple properties of lattice Lq. 

Lemma 4.1 

(a) sign{Lo) = (20,2); 
(h) sign^qL^ = 2{mod8); 

(c) Al, = a /2 ^\ = Z/3Z; 

VI V 

(d) qLo ■■ Z/3Z — y Q/2Z, 1 ^^ | + 2Z; 

(e) 1{Al,) = 1. 

We will also use the following observations: 

Lemma 4.2 Let S — > L be a primitive embedding of lattices, M = L/S . Then we have 
the following exact sequences of abelian groups: 

• L/S S*/S S*/L 0; 

• — > {L + M*)/L — > L*/L — > S*/L — > 0. 
Corollary 4.3 l{As) < rk{L/S) + 1{S* / L) < rk{L/S) + 1{Al). 

Remark As we have already mentioned above, l{As) < rk{S) for any lattice S. 

Lemma 4.4 Lattice Lq is the unique even lattice with signature (20, 2) and discriminant- 
form qio ■■ Z/3Z — > Q/2Z, 1 I + 2Z. 

Proof: This follows from Corollary 1.13.3 of [8]. QED 

Lemma 4.5 The existence of primitive embedding ofA^ into Lq depends only on the genus 
of Aq, i.e. on the signature sign{AQ) = (p — 1,0) and the discriminat-form qA,'- Aaq — > 
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Q/2Z. 

Proof: This follows from Lemma 2.3 of [7\. QED 

Lemma 4.6 Let Vt = f/^^ (the unique even unimodular lattice of signature sign{Q) = 
(22,22);, T = Lo(-l), stgn{T) = (2,20), /(A^) = I, Qt = -Ql, (At = A^J. Then: 

(a) T = Lq{—\) is the unique even lattice in its genus; 

(b) There exists a unique primitive embedding Lq > Q; 

(c) There exists a unique primitive embedding Lq{—1) ^ Q; 

(d) There exists a unique primitive embedding Aq "—^ Q; 

(e) Lo-L-Lo(— 1) in Q. 

Proof: (a) follows from Corollary 1.13.3 of [S]. (b), (c) and (d) follow from Corollary 
1.12.3 and Corollary 1.14.4 of 0. (e) follows from Corollary 1.6.3 of [8J. QED 

In the next lemma we use the same idea as was used in Proposition 1.15.1 by [8]. 

Lemma 4.7 Let S be any (nonzero) even lattice. Assume that sign{S) < sign{Lo). 
Consider the following statements: 

(a) There exists a primitive embedding S "-^ Lq. 

(b) There exists a primitive embedding of even lattices S V, such that Sy = Lq{—1), 
and V admits a primitive embedding into Q. 

(c) There exists a primitive embedding S (B Lq{—1) Q = ?7^^. 

(d) There exists h E As an element of order 3, such that qs{h) = | G Q/2Z, such that ifV 
is (the unique) even lattice with signature sign{V) = sign{S) + {2, 20) and discriminant- 
form qv = qs\Av- Ay — )■ Q/2Z, where Ay = {e, h, h"^}-^^ C As, then there exists a 
primitive embedding V Q. 

Then: (a) holds if and only if (b) holds, and (b) holds if and only if either (c) or (d) holds. 

Remark. By Theorem 1.12.2 in [8], a primitive embedding V ^ Q in the situation of 
(d) exists if and only if there exists an even lattice with signature equal to sign{Lo) — sign{S) 
and discriminant-form —qv- This is satisfied, when rk{Lo) — rk{S) > l{Av) + 1. 

Remark. Note that As = {e, h, /i^} © Ay, and so l{Ay) < l{As). 

Proof: Suppose we have a primitive embedding S Lq. Compose it with the primitive 
embedding Lq Q from Lemma 4.6 (b) to get a primitive embedding S Q, and hence 
an embedding of lattices S © Lq{—1) Q. Take V to be the saturation of the image of 
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S (B Lq{—1) in Q. Hence (a) implies (b). 

Suppose (b) holds. Take the composition of primitive embeddings of lattices S V 
and V ^ Q to get a primitive embedding S ^ Q. Since the orthogonal complement of the 
image of S* in contains Lo(— 1), the primitive embedding S ^ Q factors trough a primitive 
embedding S "-^ Lq. 

This establishes equivalence of (a) and (b). 

By Proposition 1.5.1 [8J the existence of a primitive embedding of S into an even lattice 
V with discriminant-form q, such that the orthogonal complement of in is isomorphic to 
Lo(— 1), is equivalent to the existence of a subgroup H C that admits an embedding 

'j: H --^ As, such that qs o 1 = -qLoi-i)\H, and (gLo(-i) © QsKT-f)-^) f^y = g, where is 
the graph of 7 in Alo{~i) © As- 

So, the part of (b) about the existence of the primitive embedding of S can be restated 
as follows. (Recall that qLo(-i) = -Qlo ■ ^/3Z Q/2Z, 1 ^ § + 2Z.) 

Either we can take V = S (B Lq{—1) (which corresponds to H = {e}), and in this case 
the condition is: 

V = S Q) Lo(— 1) admits a primitive embedding into Q, 
or (if we take H = ^^^(-i)): 

There exists an element h G As of order 3, such that qs{h) = | + 2Z. There exists a 

primitive embedding into Q for some even lattice V with signature 
signiy) = sign{S) + (2, 20) and discriminant-form qv = qs\Av '■ — > Q/2Z, where 

Av = {e,h,h^}i^ C As. 

Remark. By Corollary 1.13.3 in [8] there exists a unique (up to an isomorphism) even 
lattice V with signature and discriminant-form as above. 

So, we proved that (b) holds if and only if either (c) or (d) holds. QED 

Corollary 4.8 Let S be any even lattice. Assume that sign{S) < sign{LQ). Then either 
of the following two conditions implies the existence of a primitive embedding S "-^ Lq: 

1. rkiLo)-rk{S)>liAs) + 2. 

2. rk{Lo) — rk{S) > l{As) + 1 and there exists h G As an element of order 3, such that 
qsih) = I G Q/2Z. 

Proof: (1) follows from Lemma 4.7 and Corollary 1.12.3 in [8j. 
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(2) follows from Lemma 4.7 and the remarks after it. QED 

Theorem 4.9 If 2 < p < 11, and Aq is an even lattice of signature sign{AQ) = (p — 1, 0), 
then there exists a primitive embedding > Lq . 

Moreover, if p < 10, then the lattice T = (Ao)lo ^'^ uniquely determined by its signature 
(21 — p, 2) and discriminant- form. 

Proof: We will use only the first condition from Corollary 4.8. 

Recall that sign{Lo) = (20,2), and so rk{Lo) — rk{S) = 23 — p. Since l{As) < rk{S) = 
p — 1, the first condition in Corollary 4.8 would follow from the inequality 23 — p > p + 1, 
i.e. p < 11. 

This proves the first statement. 

The second statement follows from [S], Corollary 1.13.3. Indeed, rk{T) = rk{Lo) — 
rk{Ao) = 23 - p, and 1{At) < rk{Lo/T) + /(A^J = rk{Ao) + 1 = p (by Corollary 4.3). 
Hence rk{T) > 1{At) + 2, when p < 10. This is the sufficient condition from [8j, Corollary 
1.13.3. QED 

Theorem 4.10 // 13 < p < 21, then for any even lattice T of signature sign{T) = 
(21 — p, 2), there exists a primitive embedding T )■ Lq. 

Proof: We will use only the first condition from Corollary 4.8. 

Since rk{Lo) — rk{S) = p — 1, and 1{At) < rk{T) = 23 — p, the first condition of Corollary 
4.8 would follow from the inequality p — 1 > 25 — p, i.e. p > 13. QED 

Lemma 4.11 Let S be an even lattice and consider a primitive embedding S "-^ Lq. 

(a) If the primitive embedding S "-^ Lq is obtained from a primitive embedding S © 
Lo(— 1) ^ (case (c) of Lemma Jf^.l), then (the image of) S does not contain long 
roots of Lq. 

(b) If the primitive embedding S "-^ Lq is obtained from a primitive embedding S © 
Lo(— 1) ^ ^ (case (c) of Lemma J^.l), then the orthogonal complement K of (the 
image of) S contains a long root of Lq, if and only if there exists A G K* such that its 
class A in Ak has a form (0, ±1) under the isomorphism Ak = As®Al^^ (Al^ = Z/3Z) 
corresponding to the primitive embedding 5 © Lo(— 1) "—^ and Qk*{A, A) = |. 

(c) If the primitive embedding S Lq is obtained from a primitive embedding V Q 
(case (d) of Lemma J^.l), then the orthogonal complement of (the image of) S does not 
contain long roots of Lq. 

(d) If the primitive embedding S "-^ Lq is obtained from a primitive embedding V Q 
(case (d) of Lemma 4-7), then (the image of) S contains a long root of Lq, if and only 
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if there exists S & S such that Qs{S,S) = 6 and for any a E S* with a G Ay d As we 
have: a{5) G 3Z. 

Proof: (a) Let K be an even lattice with invariants sign{K) = sign{Lo) — sign{S), 
Ak = As®Al^^, qk = {—qs) ©Q'Lq! which is the orthogonal complement of 5'©Lo(— 1) in its 
primitive embedding into Q. Then Q is the overlattice of 5* © Lo(— 1) © K corresponding to 
the subgroup H G As Q) Al^^_i) © A^ that is the graph of the isomorphism A^ = ^4^ © Al^ 
above (see Proposition 1.5.1 and Proposition 1.6.1 in [8]). In other words, if we identify Ak 
with As ® Al^ via this isomorphism (and A^^^ with y4iQ(_i)), then 

H = {{sj,k) e As ® Al^^_ij® Ak \ k = s + l} 

The construction used in Proposition 1.5.1 in [S] allows now to descibe explicitely this 
overlattice Q in terms of the other lattices as follows: 

Q = {{s,l,k)eS*®Lo{-iy®K* I k = s + l} 

where bar denotes the classes of elements in the corresponding quotients. 

Note that K = S^^. 

To simplify notation, let us denote a = \As\. 
The intersection form on Q is defined as follows: 

Q{{si,h, ki), (52,^2, ^2)) = ^ ■ ((5s(3a- si,3a- S2) -(5Lo(3a- /i, 3a ■ /s) + Qi^(3a ■ A;i, 3a ■ /ca)) 

Since the orthogonal complement of Lo(— 1) in Q (with respect to the given embedding 
S © Lo(— 1) ® K G Q) is isomorphic to Lq, for simplicity of notation, we denoted it by the 
same letter Lq. 

As a sublattice of Q this orthogonal complement can be described as follows (using the 
explicit description of the intersection form above): 

Lo = (Loi-l))^ = {{s, l,k) = 0,k = s + 0} 

Suppose there exists 6 E S, such that Q{6,6) = 6, and Q{6,Lo) C 3Z (i.e., 5 is a long 
root) . 

In terms of the bilinear form defined above this means that 

3 I — n ■ Q(Sa ■ 6,3a ■ s) 
' 9a^ 

for each s E S*. 
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This implies that all elements of the set Qs{S, \As\ ■ S*) are integers divisible by 3 ■ \As\. 
In other words, for any cr G S*, a{6) is divisible by 3. This is impossible. 

Indeed, since Qs{^,S) = 6, it follows, that Z5 C S* is a primitive sublattice. Hence 6 can 
be complemented to a basis in S: {ei = 6,62, ■ ■ ■}■ Now take a E S* to be the first element 
of the dual basis, i.e. cr(ei) = 1, and cr(ej) = for any i > 2. In particular, we get that 
a {6) = 1, which is not divisible by 3. 

So, we arrive at contradiction and conclude that there is no long root in this situation. 

(b) Let p: K* — )■ Al^ denote the projection, i.e. the composition of group homomor- 
phisms K* ^ Ak = As® Al, ^ ^Lo- 

Then 6 E K is a long root of Lq, if and only if Qk{S,S) = 6 and {ker{p)){6) C 3Z. In 
particular, Qk{x, S) G 3Z for any x E K. 

Let S E K he a. long root of Lq. Then we can take A = ^ ■ S E K* . If A has a form {9, A) 
under the isomorphism Ax = As(BAl^, then the condition {ker{p)){6) C 3Z translates into 
saying that for any Oi E_As, 0),_(^, A)) C Z, i.e. 65(^1,^) = in Q/Z. Since 65 is 

nondegenerate (and so ^ = 0) and A) = | ■ Qk{S,6) = | ^ 2Z, we conclude that 

<1k{^) = I + 2Z, and so A satisfies the required conditions. 

Suppose that A G K* is such that its class A G Ak has a form (0, ±1) and (5x*(A, A) = 
|. Then 6 = 3 A G K will be a long root of 

(c) According to Proposition 1.12.2 of [8], the existence of a primitive embedding K 
amounts to the existence of an even lattice K of signature sign{K) = sign^Lo) — sign{S) 
and a group isomorphism 7: A^ = Ay such that qs ° 'J = —Qk- 

Then f2 can be viewed as an overlattice of V" © i^, which is the preimage of the graph 
of 7 under the natural projection V* © K* — )■ Ay © Ak 

n = {{v,k) eV* ®K* \ -f{R)=v} 

Note that according to the construction used in Proposition 1.5.1 of [8], we can describe 
V explicitly as an abelian subgroup of 5** © Lo(— 1)* as well: 

v = {ie,\)ES*®Loi-iy\ e = \-h} 

Moreover, we have a sequence of embeddings of abelian groups S'©Lo(— 1) ^ V ^ 
V* 5** © Lo(— 1)*, where V* is the preimage of the orthogonal complement of the graph 
as above, and so it can be described explicitly as follows: 

V* = {{9, A) G 5* © Lo(-l)* I bsie -X-h,h) = 0} 

Let us denote G = {h)\ C As- 
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Hence 

n = {{e,x,K)es*®Lo{-iy®K*\ e-xheGcAs, ^{K) = e-\h} 

Then Lq as a sublattice of Q, (i.e. the orthogonal complement of Lq{—1)) can be described 
as follows: 

Lo = (Lo(-l))^ = {(5,0,A;)e^]| s G G, ^{k) = s + Q} 

If (5 G is a long root of Lq, then as in part (a), we get a primitive nonzero sablattice 
IjS <Z K such that for any k G K* , G 3Z, which is impossible. 

Hence K does not contain long roots of Lq. 

(d) This follows immediately from the explicit description of Lq as a sublattice of VL in (c) . 
QED 

Corollary 4.12 Let 2 < p < 11, S be an even lattice of signature sign{S) = (p — 1,0). 
Then there exists a primitive embedding S Lq, such that (the image of) S does not contain 
long roots of Lq. 

Proof: In Theorem 4.9 we proved the existence of a primitive embedding S ^ Lq by 
checking that there exists a primitive embedding S © Lq{—1) "-^ Q = C/^^. Lemma 4.11 
implies that (the image of) S does not contain long roots of Lq. QED 

Lemma 4.13 Let S be an even lattice with signature sign{S) = (t+,t_) < sign{LQ) and 
discriminant-form q: A ^ Q/2Z, A ^ As ^ S*/S. 

Then there exists a primitive embedding S ® Lq{—1) fl, if and only if one of the 
following conditions holds: 

Al l{A)^l{A^) < 20 -rk{S) 

A2 1{A) = /(As) = 21 - rkiS) and (^MT^lflWi) = 

A3 22 — rk{S) — 1{A) > ^(^3) and the following conditions hold: 

• If for a prime p 7^ 2, 3, 1{A) = l{Ap), then (^(zlT^^iMM!^^ = 1. 
. IfliA) = ^(^3) + 1, then (tir^iffWi) = 1. 

• Ifl{A) = /(A2) and q2 7^ (1^\2) (Bq'2, then V2 = 1 (in this case also rk{S) > 1{A) ). 

Proof: Let us denote V = S®Lq{-1). Then rk{Q)-rk{V) = 22-rk{S), Ay = A®Z/3Z 
and qv = q® {-QLo)- 
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Hence for any p 7^ 3, {Ay)p = Ap and {qv)p = Qpj while {Ay}^ = ^3 © Z/3Z and 
Ms = gs © (^iuS), discr{K{qv)i)) = -3 ■ discr{K{q^)). 

In particular, | Ay |= 3- | A | and either l{Av) = 1{A) (if /(A3) < 1{A)), or /(Ay) = 

/(A) + l (if/(A3) = /(A)). 

From Corollary 1.12.3 of [8] we know that if 22 — rk{S) > l{Av) + 1, then a primitive 
embedding V ^ Q exists. So, we may assume that l{Av) = 22 — rk{S). 

In this case, by Theorem 1.12.2 of ^ a primitive embedding V fl exists, if and only 
if the following conditions hold: 

(1) If for a prime p ^ 2, 3, /(A^) = /(Ay), then ^^^^ E (Z;)^. 

(2) If /(As) + 1 = /(Ay), then ^ i^D'- 

(3) If /(A2) = /(Ay) and ^ (2) © then ±^-^§^^ G (Z;)^. 
Using Remark 2.1, we can rewrite these conditions as follows: 

(1) If for a prime p ^ 2, 3, /(Ap) = /(Ay), then (^(zil^l^HM!^ j = 1. 

(2) If /(A3) + 1 = /(Ay), then (MT^lf^MM^i) = 1. 

(3) If /(A2) = /(Ay) and 7^ gS'^(2) © g^, then = 1. 
This gives the lemma. QED 

Lemma 4.14 Let S be an even lattice with signature sign{S) = (t+,t_) < sign{Lo) and 
discriminant-form q: A ^ Q/2Z, A = As = S*/S. 

Let T E A be an element of order 3 such that qs{T) = | G Q/2Z and V be the even lattice 
with signature signiV) = sign{S) + (2, 20) and discriminant-form gy = gsU^ : Ay — )■ Q/2Z, 
where Ay = (r);^ C A. 

r/ien there exists a primitive embedding V ^ Vt, if and only if one of the following 
conditions holds: 

Bl /(A) = /(A3) < 22-rA;(^) 

B2 /(A) = /(A3) = 23 — rk{S) and the following conditions hold: 



If for a prime p ^ 2,3, /(A) = 1 + l{Ap), then 
///(A) = /(A3), then f Ml^^fl^ 



(-l)'-fc(S).3.(6)p)"P 



P 
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• If I (A) = 1 + and q2 7^ qg (2) © then f 2 = 1 (in this case also rk{S) > 
1{A)). 

B3 22 — rk{S) = 1{A) > 1{A^) and the following conditions hold: 

• If for a prime p^2,3, 1{A) = l{Ap), then (^(zlTllfhWl^ = 1. 

• Ifl{A) = /(A2) and q2 7^ <le\2) (Bq'2, then f 2 = 1 (in this case also rk{S) > 1{A) ). 

Proof: Note that rk{n) - rk{V) = 22 - rk{S). 

A = Ay © Z/3Z, and so for any p ^ 3, Ap = {Av)p and {qv)p = 1p, while ^3 = 
(Av)3 © Z/3Z and gs = (gy)3 © gf^(3), discr{K{q3)) = 3 ■ discr{K{qv)3). 

In particular, | Ay |= ^ and either l{Av) = 1{A) (if /(A3) < /(A)), or /(Ay) = 1{A) - 1 
(if /(As) = /(A)). 

From Corollary 1.12.3 of p] we know that if 22 — rk{S) > l{Av) + 1, then a primitive 
embedding V ^ Q exists. So, we may assume that l{Av) = 22 — rk{S). 

In this case, by Theorem 1.12.2 of [8J a primitive embedding V "—^ Q exists, if and only 
if the following conditions hold: 

(1) If for a prime p 7^ 2, 3, /(A,) = /(Ay), then .t^tJiZ) ^ ^^l^- 

(2) If l{As) - 1 = l{Ay), then G (Z*)^ 

(3) If /(A2) = /(Ay) and g2 ^ gf (2) © qi then ±3:;^-!?^ G (Z*)^. 
Using Remark 2.1, we can rewrite these conditions as follows: 

(1) If for a prime p ^ 2, 3, l{Ap) = l{Av), then (^til^^^M^ j = 1. 

(2) If 1{A,) - 1 = l{Ay), then (^tll^lp^^ = 1. 

(3) If /(A2) = l{Av) and gs 7^ ^(2) © g^, then V2 = 1. 
This gives the lemma. QED 

Lemma 4.15 LetT be an even lattice with signature sign(T) < sign^Lo) and discriminant- 
form qj-: At — )► Q/2Z. Then there exists a primitive embedding T ^ Lq such that the or- 
thogonal complement of the image of T contains neither roots, nor long roots of Lq, if and 
only if one of the following conditions holds: 

A There exists r G A^ an element of order 3 such that qrij) = | + 2Z G Q/2Z, and if we 
denote G = (t)-^^ C At, then there exists an even lattice K of signature sign[K) = 
sign{Lo) — sign{T) such that Ak = G C. At, qx = —QtIg' '^"'^ ^ ^^-^ '>T'0 roots. 



20 



B There exists an even lattice K without roots with signature sign{K) — singlLg) — 

sign{T), = At © Al„ and discriminant-form = (— ?t) © QLo such that there 
exists a group isomorphism A^ = A^ (preserving q^) such that if p: K* A^ ^ Ax 
is the composition, then there is no A E ^^"'^((0, ±1)) with Qk*{A.,A) = |. 

Proof: This lemma follows from Lemma 4.7 and Lemma 4.11. Condition (A) describes 
situation in case (d) of Lemma 4.7. In this case K = {T)j;^ never contains long roots of Lq 
by Lemma 4.11 (c). 

Condition (B) corresponds to the case (c) of Lemma 4.7. A criterion of the existence of 
long roots in this situation is given in Lemma 4.11 (b). QED 

5 Conclusions. 

Now we combine together some of the results of the previous two sections in the following 
Corollaries. 

Corollary 5.1 Let 2 < p < 11, and Aq be an even lattice of signature (p — 1,0), which 
does not contain roots. Then there exists a cubic fourfold X and an isomorphism of lattices 
AoiX) ^ Ao. 

Proof: By Corollary 4.12 there exists a primitive embedding Aq ^ Lq, such that the 
image of does not contain long roots of Lq. 

Hence we can view Aq as a primitive sublattice of Lq with no roots and no long roots of 
Lq. So, by Corollary 3.2 there exists a cubic fourfold X with the required property. QED 

Corollary 5.2 Let 13 < p < 21, andT be an even lattice of signature (21— p, 2). Suppose 
one can choose a primitive embedding ofT into Lq (existence of such embeddings was checked 
in Theorem 4-10) in such a way that its orthogonal complement contains neither roots, nor 
long roots of Lq. Then there is a cubic fourfold X and an isomorphism of lattices T{X) = T. 

Proof: This is a direct consequence of Corollary 3.6. QED 

Theorem 5.3 Let S be an even lattice without roots, sign{S) < sign{LQ). Then there 
exists a primitive embedding S ^ Lq such that the image of S does not contain long roots 
of Lq, if and only if one of the following conditions holds: 

Al 1{A) = /(A3) < 20 -rk{S) 

A2 liA) = 1{A,) = 21 - rk{S) and (^MT^lflWi) ^ 1 

A3 22 — rk{S) = 1{A) > /(/I3) and the following conditions hold: 
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• If for a prime p^2,3, 1{A) = l{Ap), then ^ i. 
. Ifl{A) = l{As) + 1, then (^Mll^lffi^i) = i. 

• Ifl{A) — 1{A2) and q2 ^ Qq (2) ®q2, then v^ — l (in this case also rk{S) > 1{A) ). 

B There exists h & A an element of order 3 such that qs{h) = | G Q/2Z, there is no 
5 & S with the property that Qsi^, S) — 6 and a{5) e 3Z for any a & S* such that 
Qs* (cr, h) e and one of the following conditions holds: 

Bl 1{A) = /(A3) < 22 -rk{S) 

B2 1{A) = /(A3) = 23 — rk{S) and the following conditions hold: 

• If for a prime p 7^ 2, 3, 1{A) = 1 + l{Ap), then (^tiT^^^iM^^ = 1. 
. Ifl{A) = 1{A,), then (MT^lflWi) ^ 1. 

• If 1{A) = 1 + and q2 7^ qg (2) © then V2 — 1 (in this case also 
rk{S) > 1{A)). 

B3 22 — rk{S) — 1{A) > /(^Is) and the following conditions hold: 

• If for a prime p^2,3, 1{A) = l{Ap), then (^(zill^i^iMM!^ j = 1. 

• If I (A) = 1{A2) and q2 q^ (2) © then V2 = 1 (in this case also rk{S) > 
1{A)). 

Proof: We combine together Lemma 4.7, Lemma 4.11, Lemma 4.13 and Lemma 4.14. 
QED 

Remcirk. Combined with Corollary 3.2, this theorem gives a classification of all possible 
lattices, which can appear as primitive saturated algebraic sublattices of intersection lattices 
of cubic fourfolds Ao{X) (Corollary 5.3 in Section 1.2). 

Theorem 5.4 Let 2 < p < 21, T he an even lattice with signature sign{T) = (21 — p, 2) 
and discriminant-form qr'- At — >■ Q/2Z. Then there exists a cubic fourfold X and an 
isomorphism of lattices T{X) = T , if and only if one of the following conditions holds: 

A There exists r e At an element of order 3 such that qT{T) = | + 2Z e Q/2Z, and if 
we denote G = (r);^^ C At, then there exists an even lattice K of signature {p — 1,0) 
such that Ak — G C At, qx — —Qt\g> ^'^'^ ^ has no roots. 

B There exists a primitive embedding of lattices U'^'^~f ^ T(— l)©Lo such that the orthog- 
onal complement K of its image has no roots, and for any IS. G (T(— l)©Lo*)\(T'(— 1)© 
Lo) such that A(C/23-p) = 0, A(3A) = iQr(-i)eLo(3A, 3A) ^ 2. 
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Proof: We apply Corollary 3.6 and Lemma 4.15. 

Since isomorphisms = ^t(-i) © — ^r(-i) © ^Lq (preserving discriminant-forms) 
correspond to the choices of an element ^ G At ® Al^ of order 3 with qxiO = | + 2Z 
and a group isomorphism {^)^ = At(-i) (preserving discriminant-forms), we can rephrase 
condition (B) in Lemma 4.15 as follows: 

B There exists an even lattice K without roots with signature (p — 1,0) such that there 
exists A G K* with the following properties: 

• its class A in Ak = K*/K has order 3, ^^-(A) = | + 2Z, (A);^^ = At and 
?i^l(A)i^^ = -It; 

• A(3A) + 6 ■ (±A{x) + ^i^j ^ 2 for any x e K. 

Assuming K exists, even lattices [/"^^^^ © K and T(— 1) © Lq have the same signa- 
ture (t+,t_) = (22,23 — p) and discriminant-forms. We see that t+ > 1, t_ > 1 and 
/(v4r(_i)eLo) = K^T © Z/3Z) < 1 + 1{At) < 1 + rk{T) < 24 - p < 45 - p - 2 = t+ + t_ - 2. 
Hence these two lattices are isomorphic by Corollary 1.13.3 of [8J. 

In addition, by Theorem 1.14.2 of [8] every automorphism of At(-i)®Lo (preserving 
discriminant-forms) is induced by an automorphism of the lattice T{—1) © Lq. 

Hence condition (B) is equivalent to the condition stated in the theorem (the reader may 
want to recall Proposition 1.5.1 from [8] at this point). QED 



6 Classification theorem for algebraic saturated sub- 
lattices of intersection lattices of cubic fourfolds. 

For a cubic fourfold X we denote by A{X) the saturated sublattice generated by its algebraic 
cycles: 

A{X) = H\X,Z)nH^'''{X) 
Note that h'^ G A{X) and Ao{X) = (Z/i^)^^^^ c A{X). 

Theorem 6.1 Let A be an odd lattice of signature sign{A) = (p, 0), where 2 < p < 21. 
Then A = A{X) for some cubic fourfold X if and only if there exists a & A, such that if we 
denote Aq = {lja)\, then the following conditions are satisfied: 

1. QA^a, a) = 3. 

2. Aq is an even lattice. 

3. There is no 6o G Aq such that Qa{So, ^o) =2. 
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4- There is no S & Aq such that Qa{S, S) = 6 and for any a & A* with a{a) =0 we have 
a{6) e 3Z. 

5. For any h & A the integer hY — QA{b, b) is even. 

6. There exists an even lattice K of signature sign{K) = sign{L) —sign{A) = (21 — p, 2), 
such that Aa = Ak and q^: Aa = A* /A -> Q/2Z, a ^ [(^(a))^ - Qa- (a, a)] + TL. 

Remark 6.2 Note that the bihnear form 6^: A}^ ® Ax — > Q/Z of the quadratic form 
qk coincides with —Ba- In particular, it is nondegenerate. Together with condition 5, this 
guarantees that the discriminant form qx given above is well-defined. 



Remark 6.3 According to Theorem 1.10.1 from \8\, condition 6 holds if and only if the 
following conditions are satisfied (here for any prime p, K{{qK)p) denotes the unique p— adic 
lattice of rank l[[A* /A)p) with discriminant-form {qK)pi which exists according to Theorem 
1.9.1 of il): 

6.1 19 — p = sign{qK) mod{8). 

6.2 23 - p > 1{A*/A). 

6.3 If p is an odd prime and 23 - p = 1{{A*/A)p), then '^''""'l^jjlf"^^ G 

6.4 If 23 - p = 1{{A*/A)2) and (g^)^ ^ qf\2) ® g^, then ±^H£!:(^i§|^ g (Z;)^. 

So, for condition 6 to be satisfied, it is sufficient to require that p < 11 and 11 — p = 
sign{qK) mod{8). 



Proof: 

The full algebraic sublattice A{X) of the intersection lattice if^(X, Z) of a cubic fourfold 
X is equal to the saturation of Z/i^ + Aq{X) in if'^(X, Z). So, we have to find a primitive 
embedding A ^ L, such that some element a E A goes to h"^ e L, and its orthogonal 
complement becomes identified with Lq. As we remarked in section 2.1, it is sufficient to 
require that the image of a G A in L has self-intersection 3, and its orthogonal complement 
(in L) is even. (It follows then from the Nikulin's theory [8] that there is an automorphism 
of L, which identifies a with h'^, and its orthogonal complement with Lq.) 

According to Corollary 3.2, the image of the orthogonal complement of a in A under this 
primitive embedding in addition should contain neither roots, not generalized roots of Lq. 

So, we are looking for odd lattices A that satisfy the following condition: 

There exists an even lattice K and a primitive embedding 0: A^ L, such that 
QA{(i,a) = 3, (Z0(a))f is even and (j){{Za)-^) contains neither roots, nor long roots of 

(Z0(a))f. 

From the version of Proposition 1.6.1 ([8j) for odd lattices, we know that existence of 
primitive embeddings is related to the existence of lattices with specific properties. Using 
this criterion, the lattices A we are looking for can be described as follows: 
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A is an odd lattice, such that there exists an even lattice K with signature 
sign{K) = sign{L) — sign{A) and a group isomorphism 7: — > A* /A = A^-, such that 

° 7 = —^Ki and 

there exists a G A such that QaI^, a) = 3, (Z(a, 0));Jr_i(-p^^ is even and 
(Za)^ © (0) C A © K C 7r~^(r^) contains neither roots, not long roots of (Z(a, 0))^_i^p^^. 

Here we denote by C A a © Ai^- the graph of the isomorphism 7: Ak — > ^a, and by 
n: A* (B K* — © Ak the projection map. Then by the construction, used in the proof 
of Proposition 1.6.1 of [8j, we know how to find the overlattice A (B K G L explicitly: it is 
isomorphic to the lattice 7r~^(r^): 

A®K^ 7T~\T.,) ^A*® K*. 

Since \Aa\ = \Ak\, the intersection product on 7r^^(r^) is defined as follows: 

Qoo((ai, ft^i), ("2, ti2)) = Tj-T^ ■ [Qa{\Aa\ ■ ai, |Ayi|a2) + Qk{\Ak\ ■ /ti, \Ak\ ■ ^2)] = 

\^a\ 

'a2{\AA\ ■ ai) + K2{\Ak\ ■ Ki)] . 



\Aa\ 

From this we find, that lattice (Z(a, 0))^_i(-p ^ inside 7r^-'^(r^) can be described explicitly 
as follows: 

iZ{a,0))U^^^) = {ia,K)EA*®K* \ ^(r) = a, aia) = 0}. 

The condition that (l^a)-^ © (0) C A(BK C 7r^^(r^) contains neither roots, nor long roots 
can be reformulated as follows: 

There does not exist 60 G (Za)^ such that Qa{So,So) = 2, and 
there does not exist 6 G {'Za)A such that Qa{S, S) = 6 and for any ^ G (Z(a, 0));Jr_i^p ^, 

(i.e. for any (a, k) E A* (B K* such that 7(/t) = a and a{a) = we have a{5) G 3Z). 
The condition that (Z(a, 0))^_i^p ^ is even can be restated as follows: 

For any (a, k) E A* ® K* such that 7(k) = a; and Q;(a) = we have 
Qa* (a, a) + Qk* {i^, i^) e 2Z. 

We conclude that for an odd lattice A of signature sign{A) = {p, 0) there exists a cubic 
fourfold X and an isomorphism of lattices A = A{X) if and only if there exists a E A, such 
that if we denote Aq = (Za)-^, then the following conditions hold: 

1. QA{a, a) = 3. 

2. is an even lattice. 

3. There is no 60 E Aq such that Qa{Sq, ^o) = 2. 

4. There is no 5 G Aq such that Qa{S,6) = 6 and for any a E A* with a{a) we have 
a{6) E 3Z. 



25 



5. There exists an even lattice K with signature sign{K) = sign{L) — sign{A), such that 
there is a group isomorphism 7 : Aa — > Ax such that bx^'y = —bA and for any a & A* 
with «(a) = we have QA*{oi,a) = —qK{l{ci)) mod{2Z). 

Taking into account that A is odd, the last condition gives the description of the discriminant- 
form of the lattice K: 

Qk- Aa = a* /a Q/2Z, a ^ [ia{a)Y - Qa- {a, a)] + 2Z. 

In order for this discriminant-form to be well-defined we need to require that: 

for any b e A, QAia, bf - QA{b, b) e 2Z. 

Taking this all together, we obtain the criterion, stated in the theorem. QED 

Remark. If we consider the lattice with underlying free abelian group equal to A, 
but with the bilinear form given by Q{x,y) = QA{x,a) ■ QA{y,a) — QA{x,y), we will get 
a well-defined even lattice A'^'", such that {{A'^^)* /{A'^^))p = {A*/A)p for any odd prime p, 
but {{A'^'")* / {A'^'"))2 will be (at least, in general) different from {A*/A)2. In the latter case, 
(A^'')7(A™) will be a Z/2Z-extension of A* /A. 



7 Appendix. Existence of even lattices of given genus 
without roots 'locally'. 

From Theorem 1.9.1 of [8] we know that for any nondegenerate finite quadratic form : Aq^ 
Qp/2Zp there exists a unique p-adic lattice K{qp) of rank l^Ag^), whose discriminant-form 

is isomorphic to qp (excluding the case, when p = 2 and q2 = q^ (2) © 52)- If P = 2 and 

(2) ' 

I2 = Qg (2) © q2 then there exist two such 2-adic lattices Ka{q2), corresponding to two pos- 
sible values of a. 

Observe that for any prime p, ^^■^^^(-^(gp)) ^ ^* 

\Aqp\ P 

Suppose we are given non- negative integers t^, t_, N = + t_ > 1, a finite abelian 
group A = (BpAp, where for each prime p, Ap denotes a p- group, and for each prime p a finite 
nondegenerate quadratic form g^: Ap ^ Qp/2Zp. 

Let us introduce the following notation: 

• for any odd prime p. Op = jr^f^x(C\) ^ ^p' 

• if g2 = Qe (2)©(?2, then let K{q2) denote the lattice Ka{q2) such that — discr{K (92)) ^ 
(Zg)^, if such a exists, and any of the two lattices Ka{q2) otherwise; 

(_l)t_+(iV-KA2))/2.|^| 

• ^2 — discr(K(q2)) ^ ^^2) 



26 



• let V2 = 1, if 56'2 G (^2)^, and otherwise; 

. let 62 = (^-l)i^-liM))i^-KM)-2)/e.+(N-l{A2)){discr{K{q2))/\A2\-l)/A^ ^ qf\2) ® q'2 OT 

N > /(A2) + 2, and 1 otherwise. 

Theorem 7.1 VFzi/i (iate and notation as above, there exists an even lattice S with 
signature t„) such that qs = ®pqp, and for some prime p the corresponding p-adic lattice 
Sp has no roots, if and only if the following conditions are satisfied: 

1. N> 1{A), N = 1{A2) {mod2); 

2. For any odd prime p such that N = l{Ap) we have that j = 1; 

3. If 02 i then ^ q^^\2) (Bq^ N>2 + /(A2) and 502 E (Z*)^; 

4. 62 = UhiK{qp)) ■ n (-) • i)/2+«2-(i+'°92l^2|) ^/^e^e denotes Hasse 
invariant) ; 

5. One of the following conditions holds: 

• V2 = 0, N = /(A2) and K{q2) has no roots; 

• 3j9 7^ 2 such that N = l{Ap) and K{qp) contains no roots; 

• 3p ^ 2 such that N = l{Ap) + 1 and Kq^\i) © K{qp) contains no roots; 

• 3p^2 such that N = l{Ap) + 2 and -^'{^^(1) © -^i^^(l) © K{qp) contains no roots. 

Proof: According to Corollary 1.9.3 of [8j, p-adic lattices corresponding to the lattice S 
should have the form: 

Sp^K?ilYr.-^®Kil\l)®Kiqp), 
where 9p E Z;/(Z;)2, tp = rk{S) - l{Ap), if p is odd and l{Ap) < rk{S), 

Sp - Kiqp), 

if /(Ap) =rk{S), and 

where < f 2 < 1 and t2 > f2- 

We have (-1)*- | A \= discr{S) = discr{S2) = (-1)*^ ■ (-3)"^ ■ discr{K^{q2)) = 
discr{Sp) = Op ■ discr{K{qp)), and = rk{S) = rk{S2) = 2t2 + /(A2) = rk{Sp) = tp + l{Ap) 
for odd p. Then 9p = (—1)*" | A \ /discr{K{qp)) for odd p (unless l{Ap) = N) and 
(_l)t-+(A'-«(A2))/2. I ^ I /discr{K^{q2)) = (-3)^^ = 5^^ g Z;/(Z;)2 (unless /(A2) = A^). 

According to Theorem 1.10.3 of [8j, p-adic lattices Sp glue together and give a lattice 5" 
over Z, if and only if the following conditions hold: 
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1. For any odd prime p such that l{Ap) = N, (-1)*" | A \ /discr{K{qp)) e (Z*) 

2. If iV = /(As), then (-1)*- | A \ /discr{Ka{q2)) G (Z*)^. 

2'. If iV > /(As), then (-3)^^ • (-l)*-+(^-'(^2))/2. | ^ | /dtscr{K^{q2)) G (Z;)^. 

3. (-i)'-(*-^)/^ = nep(^.). 

p 

Recalling standard formulas for the Hasse invariant (stated, for example, in section 10 of 
[H]), we get ep{Sp) = tp{K{qp)) ■ (Op, discr{K{qp)))p = ep{K{qp)) ■ (^^j for odd p, and 

62(^2) = (-l)-^+*2(*^-i)/2 . t2{K^{q2)) ■ ((-1)*^ ■ {-3y\dtscr{KM))2 = (-l)-^+*2(*^-i)/2 • 
e2(i^a(g2)) ■ (-l)"" = e2(i^a(g2)) " (- 1)^2 d+Wal 1) . Here we used A = log2i\ ^2 I) ■ (3"''^ - 
l)/8 + {{{-ly^i-Sy^ - l)/2) ■ ((£f!££!giM) _ i)/2) in order to simplify notation. 

These conditions give the conditions 1-4 in the theorem. 

Condition 5 in the theorem is equivalent to the condition that for some prime p the 
p-adic lattice Sp has no roots. It follows from the observation that U^'^\l) ~ ' 

\/(2)(i) = 1^ Kjp)(i)2 = 0^ have roots. QED 

Remark. Theorem 9.1 gives a sufficient condition for the data (t+, t_, Ap, g^) to corre- 
spond to an even lattice without roots. An example of the form + 4?/^ + + Sw"^ shows 
that there exist even positive-definite forms without roots, which do have roots everywhere 
'locally'. Indeed, according to [2], 1 is the only positive integer, which is not represented by 
the integral quadratic form 2x^ + 2y'^ + 3z^ + Aw"^. In particular, there is a cubic fourfold 
/4 0\ 

even though all the p-adic localizations of this lattice have 



X with Ao{X) 



roots. 
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Let us check directly that for any A; > 1 and any A^ G Z congruence 2x^ + 2y'^ + Sz"^ + 
Aw"^ = N {mod p^) has a solution. In fact, without loss of generality we may assume that 
A^ > 1, because otherwise we can consider N + M ■ p^ instead of A^ for sufficiently large M. 
Then according to Theorem 38 in [lOj (or by Hensel's lemma) it is sufficient to check that 
2x2 + 2?/2 + 3^2 _^ 4^2 ^ (^^^^ 3^ 2a;2 + 2y'^ + 3^^ + Aw'^ = A^ {mod 16) are soluble. The 
first congruence has solution x = 0, y = 0, z = 0, tf; = 1 or a; = 0, ?/ = 0, 2; = 1, = 0, if 
A^ is a square {mod 3), and solution x = l, ?/ = 0, 2; = 0, 1^ = otherwise. The existence of 
the solution of the second congruence can be checked by considering each of the 16 possible 
values of A^ {mod 16) separately. For the most interesting for us case (A^ = 1), a solution is 
X = 2, ?/ = 1, 2; = 1, w = 1. 

This implies that 2x^ + 2y^ + 'iz^ + Avj^ = N {mod p^) always has a solution. Hence 
for any A^ G Z equation 2x^ + 2y^ + Zz^ -|- Aw^ = N has a solution in p-adic integers. In 
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particular, + 2y^ + ?,z^ + AuP' = 1, and so Ax^ + Ay'^ 

(A 



Zp for any p. This means that the lattice Aq 






Vo 



+ + Sw^ = 2 have solutions over 

0\ 
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represents 2 (i.e. has roots) 



everywhere locally. At the same time, it is clear that it has no roots (over Z). Since it has 
signature (p — 1,0) with p = 5, Corollary 5.1 implies that there exists a cubic fourfold X 
such that the lattices Aq and Aq{X) are isomorphic. 
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